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Abstract: The Stokes boundary layer (SBL) is the oscillating flow above a flat plate. Its
laminar flow becomes linearly unstable at a Reynolds number of Re = Up~/Tp/v ~ 2511,
where U is the amplitude of the oscillation, Ty is the period of oscillation, and v is the fluid’s
kinematic viscosity, but turbulence is observed subcritically for Re > 700. The state space
consists of laminar and turbulent basins of attraction, separated by a saddle point (the ‘edge
state’) and its stable manifold (the ‘edge’). This work presents the edge trajectories for the
transitional regime of the SBL. Despite linear dynamics disallowing the lift-up mechanism in
the laminar SBL, edge trajectories are dominated by coherent structures as in other canonical
shear flows: streaks, rolls, and waves. SBL structures are inherently periodic, interacting with
the oscillating flow in a novel way: streaks form near the plate, migrate upward at a speed
2+/r, and dissipate. A streak-roll-wave decomposition reveals a spatio-temporally evolving
version of the Self-Sustaining Process (SSP): (i) rolls lift fluid near the plate, generating
streaks (via the lift-up mechanism), (ii) streaks can only persist in regions with the same sign
of laminar shear as when they were created, defining regions that moves upward at a speed
24/, (iii) the sign of streak production reverses at a roll stagnation point, destroying the streak
and generating waves, (iv) trapped waves reinforce the rolls via Reynolds stresses, (v) mass
conservation reinforces the rolls. This Periodic SSP highlights the role of flow oscillations
in sustaining transitional structures in the SBL, providing an alternative picture to ‘bypass’
transition, which relies on pre-existing free stream turbulence and spanwise vortices.
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1. Introduction

Oscillatory flows are ubiquitous in nature (Jensen et al. 1989; Spalart & Baldwin 1987),
biomechanical systems (Ku 1997; Taylor & Draney 2004) and engineering applications
(Adcock et al. 2021; Gatti & Quadrio 2016), with ongoing research including a particular
focus on transition to turbulence in oscillatory boundary layers (Blennerhassett & Bassom
2008; Biau 2016; Xiong et al. 2020; Blondeaux et al. 2021; Gong et al. 2022). The canonical
oscillating flow is the Stokes Boundary Layer (SBL), the flow above a sinusoidally oscillating
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33 at plate. The transition to turbulence in this ow is complex (von Kerczek & Davis 1974;
34 Blennerhassett & Bassom 2008; Mujal-Colilles et al. 2016; Blondeaux & Vittorj,2021); the

35 SBLisasubcritical ow that exhibits turbulentdynamics at Reynolds numbers Rg 3 §ea

36 (where*yis the velocity oscillation amplitudeg)is the oscillation period, and a is the uid's

37 kinematic viscosity) below the critical Reynolds numbep R2511 at which the laminar

38 solution becomes linearly unstable to normal mode perturbations (Blennerhassett & Bassom

39 2002), although convective linear instability occurs below this critical value in domains with a

40 large horizontal extent (Ramage et al. 2020; Pretty et al. 2021). The critical Reynolds number

41 found by Blennerhassett & Bassom (2002) is based upon a Floquet analysis of perturbations
agrowing over the whole oscillation cycle.

43 Ozdemir et al. (2014) summarised several theoretical, experimental and numerical works
44 onthe SBL and categorised the ow into four regimes: (i) Laminar (Re ¥ )R@) Disturbed

45 Laminar (Re, Y Re Y Rg), where some disturbances such as spanwise vortices are
46 observed, but without enough growth to trigger transition, (iii) Intermittently Turbulent

47 (Rey, Y Re Y Re,), where some turbulent features such as bursts of energy during the mid
48 and late deceleration phases are observed, which laminarise during the early acceleration
49 phase, and (iv) Turbulent (Re | Rg. Around the onset of the intermittently turbulent

50 regime, Ozdemir et al. (2014) observed a self-sustaining transitional behaviour, and this has
51 been described in terms of a "bypass' transition in which streamwise streaks triggered by
52 free stream turbulence grow, form hairpin vortices, and then eject a spanwise vortex back
53 into the free stream, which subsequently breaks down to turbulence and reinitiates the cycle
54 (Xiong et al. 2020; Gong et al. 2022). Mier et al. (2021) and Fytanidis et al. (2021) reported

55 that this self-sustaining transitional behaviour is associated with a phase-lag between the
56 wall-shear stress and the laminar velocity, with disturbances growing during the deceleration
57 phase and decaying during the acceleration phase (see also Luo & Wu 2010), an observation
58 in agreement with the transitional cycles observed in other, wall-bounded oscillating ows
59 (Pier & Schmid 2017; Ebadi et al. 2019; Pier & Schmid 2021; Linot et al. 2024).

60 Crucially, however, such a “self-sustaining' bypass transition relies upon turbulent motions
61 and strong spanwise vortices. This sets it apart from the coherent motions of the Vortex-
62 Wave Interaction states (Hall & Smith 1991; Hall & Sherwin 2010), often realised as
63 “edge states' controlling the transition to turbulence in steady wall{bounded shear ows
64 (Skufca et al. 2006; Kim & Moehlis 2008; Schneider & Eckhardt 2006; Duguet et al. 2009;

65 Schneider et al. 2010; Eaves & Caul eld 2015) which follow the Self-Sustaining Process
66 (SSP) (Wale e 1997) of streamwise vortices created via the lift-up mechanism (Landahl
67 1980) and sustained by weak three-dimensional waves. From a dynamical systems point
68 of view, laminar and turbulent ows can be seen as attractors in a high-dimensional state-
69 space, whose basins of attraction are separated by a manifold termed the “edge of chaos' (or
70 simply the “edge’) (Skufca et al. 2006), containing local attractors known as “edge states.
71 Characterisation of these edge states o ers an alternative view of the physics associated with
72 transition to turbulence which is self-contained, omitting the need to invoke pre-existing free
73 stream turbulence to initiate transition, and, in the case of steady shear ows, requiring only
74 streamwise vortices. Furthermore, the mechanisms underlying such states are also known
75 to control important processes in the fully turbulent ow (see e.g. Kawahara et al. 2012;

76 Budanur et al. 2017).

77 In steady wall-bounded shear ows, these edge states rely on the lift-up mechanism, a
78 linear transient growth mechanism by which parcels of uid are advected ('lifted’) through

79 a shear ow, for example taking high-speed uid and moving it to a low-speed region,

80 creating streamwise momentum defects. Continued advection leads to large transient growth
81 over a long (O'Re®) timescale, and is responsible for producing large-amplitude (O11°)
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streamwise streaks when realised at nite amplitude. A steady background shear allows the
lift-up mechanism to accumulate momentum defects in xed locations over a long period
of time, and so it is often the linear mechanism with the largest, and longest sustained,
growth (Butler & Farrell 1992) and hence is integral to the SSP (Wale e 1997). However, in
the SBL, the lift-up mechanism is not an optimal linear transient growth mechanism (Biau
2016) since the laminar shear ow is periodically oscillating, preventing momentum defects
from accumulating in a single location, and reversing sign every half-period. Instead, the
Orr mechanism (Orr 1907) is dominant, which allows for moderate growth as spanwise
vortices are tilted by the background shear over a short timescale. It is known that even
small disruptions to the lift-up mechanism have the potential to signi cantly a ect edge state

g2dynamics (Eaves & Caul eld 2015).
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These observations raise the interesting question as to what self-sustaining mechanism(s)
edge states in the SBL utilise to balance dissipation (relaminarisation) against instability
(transition to turbulence). On the one hand, a traditional interpretation of the SSP as using
the lift-up mechanism due to its optimal linear growth would potentially point to new, Orr-
based edge states for the SBL. On the other hand, transitional SBL ows are observed to
consist of streamwise streaks (Sarpkaya 1993; Costamagna et al. 2003) and so perhaps some
nonlinearity associated with the edge state dynamics allows the lift-up mechanism enough
“time' to create large-amplitude streaks. The most well-studied edge states have been steady,
and so the di erent components of the SSP act all together at the same time, however in
this second, lift-up based scenario, any realisation of the SSP in the SBL would evolve
periodically in order to accommodate the alternating shear direction of the background ow,
opening up the potential for components of the SSP to act sequentially. In order to make
some connection with the bypass transition scenario, whatever mechanisms arise within the
edge state dynamics should shed light upon how boundary layer ejections could be initiated

1omithout resorting to pre-existing turbulence.
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In this work, we compute edge trajectories in the transitional regime of the SBL and analyse
their dynamics in order to determine the underlying physical mechanisms which sustain them.
We demonstrate that the edge states are periodically evolving versions of the SSP, utilising
the lift-up mechanism, and that a temporal interplay between the laminar shear and streak
nonlinearity results in streak migration away from the wall (nhon-turbulent ejections) and
sequential activation of di erent components of the ow. In 82 we present the equations of
motion, the numerical model, and the edge tracking algorithm. In §3 we provide an overview
of the edge trajectory dynamics, which are examined in closer detail in section 84 which
presents a complete analysis of the Periodic Self-Sustaining Process (PSSP). Conclusions

117 are drawn in 85.
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2. Methodology
2.1. Equations of motion

The Stokes boundary layer is the oscillatory ow above a at plate, in which an oscillation
of period )o is driven either by a sinusoidal oscillation in the velocity of the plate itself (in
the G-direction) of magnitudey®or a sinusoidal oscillation of the pressure gradient above a
stationary plate; in this work, we study the former, oscillating plate ow. These oscillations
set up a boundary layer against the plate whose thickness is determined di usively, leading
to the characteristic length-scale X &) in which a is the kinematic viscosity of the uid.

We decompose the instantaneous velocity into the sum of a laminar component[ = *—0-0Q°
and a perturbation velocity eld u = :D—E—F?°, such that=[ , u. Using index notation,



4

128 the dimensionless incompressible Navier{Stokes equations for this ow read

mlg
129 m—@— 0 (21)
mi ., MR m*g ml _ m? nfD
130 FCRG gmG’ngG’ngG = m@, meG (2.2)
1avhere the Reynolds number is given by
p_—— |
_fo@o_, o
132 Re = T 0 3 (2.3)

133 which follows the de nition %dopted by Biau (2016). We note that this de nition of the
134 Reynolds number is a factor ofc larger than that of von Kerczek & Davis (1974); Ozdemir

135 et al. (2014) and others, and is a factor 6f@larger than that of Blennerhassett & Bassom
136 (2002); Ramage et al. (2020) and others; all values quoted here, including the critical linear
137 stability threshold Re 2511 have been converted to match (2.3). The boundary conditions
138 are

139 0§”= X gl0-C° at H=0- (2.4)

140 90 as H!1- (2.5)
141where Xgqis the Kronecker delta.

142  The laminar ow [ = *1H—-C°-0-0° is directed along the G-axis and varies in the vertical

143 H-direction. The laminar ow is the well-known solution to the Stokes second problem, and
144 is given by

_ P—
145 *1H_Co = cost2¢C cHo4 Ho (2.6)
146 The laminar ow is periodic with period ) = 1, and it has a (time-)shift-re ect symmetry
147 *1H_C  )e20 = *1H—(CO (2.7)

148 Local features of the laminar ow (such as maxima, minima, in ection points, etc.) move
149 upward away from the wall at a constant speed of 2
150  With this laminar ow, the boundary conditions for the perturbation velocity are

151 D=0 at H=0- (2.8)
152 !0 as H!1e (2.9)
153 However, for numerical purposes a bounded domain is used, in which the streamwise G and

154 spanwise | directions are periodic, and a large wall-normal extegqis !chosen, at which
155 impenetrable and stress-free boundary conditions are applied,

mD_ mF
E= —=—= H=le 2.1
156 0 and " mH 0 at H (2.10)

157 A schematic representation of the oscillating wall problem is presented in gure 1.

158 2.2. Numerical implementation and setup

159 We solve equations (2.1{2.2) for the perturbation velocigyidh boundary conditions (2.8)

160 and (2.10) using the DNS solver Diablo (Taylor 2008). This code employs pseudo-spectral
161 methods to compute spatial derivatives and uses a third-order Runge{Kutta scheme for
162 time integration, and a 2/3 de-aliasing rule is applied to deal with the nonlinear terms. The
163 simulations are carried out in parallel using the MPI library.
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Figure 1: Problem diagram for ow above an oscillating wall. The lateral boundaries (G
and ) are periodic. In the wall-normal direction, the perturbation velocity satis es the
no-slip condition, while the upper boundary is impenetrable and stress free.

164 The equations are solved in a rectangular domain of sige ! | = 8¢2 and !y = 10-0.

165 The size of !g (and also ') is chosen to match the wavenumber of the largest transiently

166 growing linear disturbance at Re = 1000 (Biau 2016). The periodic G and | directions are

167 discretised using a uniform grid with@= 64 and # = 32 Fourier modes, respectively.

168 Initial tests used the same resolution as Biau (201@)=##, = 128, but this was scaled

169 back for e ciency since turbulent scales do not need to be resolved in order to accurately

170 compute the much simpler edge trajectories, and there was no signi cant loss in accuracy

171 found when doing so. The H direction is discretised using=#241 grid points, which

172 are stretched away from the wall to ensure an e cient and accurate representation of the

173 structures near the wall. The results are insensitive to other valugs afofind this choice.

174 A narrower geometry with } = 4«1 and # = 16 is also brie y considered, and the resulting
rgnamics are discussed in the next section.

176 2.3. Edge Tracking

177 Trajectories along the edge manifold may be found by “edge tracking' (Skufca et al. 2006;
178 Toh & Itano 2003; Schneider et al. 2007; Kreilos et al. 2013), an iterative procedure in which
179 trajectories of initial conditions either side of the edge are computed and bisected depending
180 on how they evolve in time. To classify trajectories as leading to laminar or turbulent ow,
181 we use the b-norm of the perturbation velocity eld as a proxy ( = 0 is the laminar state

182 by construction):

1 1
1 1 1 1
119 = - = — —
183 u " 2u u3 " 2D;Dg3 (2.11)
184 where = »0-!® »0-!? »0-!°and+ =1! gl y!,. Starting with a pair of initial

185 conditions that lead to the laminar and turbulent states, and de ning suitable upper and lower
186 thresholds on tu® for transition to turbulence%() and decay to the laminar state, (), we

187 can iteratively de ne new initial conditions that remain near the edge for long times. As the
188 Ow is oscillatory in nature, the threshold conditions are met if the average energy of the
189 Oow remains above or below these thresholds for a de ned time windgpw.C

190 If at time G we have an initial condition that evolves towards turbuleng:é,o, wnd an
191 initial condition that evolves towards the laminar stat_fa‘,outhen a new initial condition at



Figure 2: Bisection algorithm scheme. Block 1 indicates that when the energy, averaged
over a time window of sizeyEs, is larger than |, or smaller than , , then _ is scaled
down or up respectively. Block 2 shows that when two consecutive values of _ are closer
than _ , anew starting point is chosen to reinitialise the bisection process. Block 3 shows
how the new starting point is chosen. The latest turbulent and laminar trajectories remain
nearby for an extended period, until the energy di erence between them is larger than
. The last time for which the energy di erence is below is the new starting point.

192this time, U*, is de ned by linear interpolation:
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us =00ty 0 u e (2.12)

Iterative bisection, enumerated by <, is performed on the parameter _ over the interval [0,1],
which generates a set of initial conditions on the laminar and turbulent sides of the edge
(_ is increased if the trajectory from=udecays to the laminar state, and decreased if it
transitions to turbulence). As the bisection proceeds, the trajectories on either side of the
edge spend longer periods of time close to the edge and close to each other. The rst pair of
initial conditions used to start the bisection process consiste Gtaken from a minimal

seed trajectory (for the de nition of a minimal seed, see Kerswell 2018) as it approached
the edge state on the turbulent side of the edge manifold (minimal seeds in this problem will
be reported at a later date), along witfi = 0, the laminar ow state. Results using an

alternative initialisation with ﬁ‘otaken as a random sample of the turbulent ow did not

show any qualitative di erence; the former option fo Qwas chosen when generating a
long edge trajectory, owing to e ciencies associated with initialising the algorithm already

20enearby to the edge.
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215

Once the change in _ between two consecutive iterations is less than a threshold _
it is no longer e cient to continue bisecting between the original two initial conditions in
(2.12) to track the edge. Instead, a new pair of laminar and turbulent initial conditions for
use in (2.12) are generated from the trajectories on either side of the edge. Lettiggd<
<) be the number of initial conditions found on the laminar and turbulent sides of the edge
respectively, §~~ is the most recently found initial condition on the laminar side of the

edge, with trajectory @< 1C°, and ):u‘<’ is the most recently found initial condition on the
turbulent side of the edge, with trajectory pn1C°. We then set a new initial tingelcz C
and new laminar and turbulent initial conditions for use in (2.12) fa%‘ﬂ = U.p< 1C° and
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Figure 3: (a) Kinetic energy of the di erent trajectories bisected to follow the edge. The
rst (transient) 16 time units of edge tracking are omitted. The red trajectories lead to
turbulence and the teal ones relaminarise. The infered edge trajectory shown with a

dashed black line. The thresholds for classifying trajectories as laminduahd turbulent
( ) ) are marked with horizontal dashed lines. The time window over which the energy is
averaged is shown near C = 22. (b) A detailed version of (a) for 23+5Y C Y 28.

u)=>1 % = ucpalC®, where Cis the last time for which j Tug< 1C%°  1u cpalCj Y
Di erent averaging times and threshold values were tested gggl €05, _ = 104,
=10°, , =10%,and , =103 showed to be suitable for achieving an accurate
representation of ow dynamics in the vicinity of the edge. These values were determined
during the initial stages of investigating the edge trajectogywas initially set a little below
the turbulent average value (which is readily estimated from a single turbulent simulation),
and , was set very low, at 18. These initial values allowed for a short section of edge
trajectory to be computed, after which the thresholds were adjusted for e ciency to more
closely sandwich the observed edge properties. The values were regularly reviewed to ensure
that they were not interfering with the computation of the edge trajectory itself. A schematic
representation of the bisection and start time shifting procedure is presented in gure 2.

3. Edge Tracking Results

Following the procedure described in section 2.3, a set of edge trajectories was generated
for the baseline simulation, whose energies *u® are shown in gure 3. The results show
that, near the edge, the energy is oscillatory with a dominant frequency of )2 caused by
the back-and-forth forcing of the wall (see gure 3 (b)). However, the energy on the edge is
not periodic (see gure 3 (a)), indicating that the edge state is not a simple periodic orbit,
but rather a chaotic saddle, albeit of a strong oscillatory nature. A total simulated time of
approximately 50 periods allows for a detailed description of the dynamics on the edge. Here
we focus on C j 16, after the edge trajectory has settled onto the edge state.

To provide a better understanding of the energy dynamics, an energy evolution equation is
derived by projecting (2.2) onto the perturbation velocity elgit®obtain the local kinetic
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Figure 4: (a) Time-series of production rate (red) and dissipation rate (teal) for
20 Y C Y 30. (b) A detailed plot for 21 Y C Y 22 showing that within half a period, there is
a production-dominated (P-D, red) stage and a dissipation-dominated (D-D, teal) stage.
The right-hand axis plots the magnitude of the wall velocity= *10— C° (grey dashed).
The sign of the wall acceleration, 3j*C°j*3C, is shown to correspond with the P-D and
D-D stages. The times of the six snapshots in gure 5 are indicated with dotted lines.

energy density de ned as 4 JngDg. The energy transport equation reads

i 5 m . . nt4 ml@mig
mC " %mg "¢ Pmg ¥ :PIeP L naie meme

(3.1)

De ning the average operator kias hOg = é 0! % (0 3G, where 8 = 1-2—3 for G- H and
| respectively, the total energy is given by = h4_y_; h4i . Integrating (3.1) over
the whole domain, taking into account the boundary conditions and the incompressibility
condition (2.1) leads to the global energy balance equation
d m* mimi
gc- RePETL mGmG
where P1CP? is the instantaneous production rate, and D1C?° is the instantaneous dissipation
rate. The production term has the general form of a stress (-Re DE) acting on a strain rate
(m*emH), from which the energy transfer process from the laminar velocity gradient (induced
by the oscillation) to the perturbation velocity eld is clear. Furthermore, the oscillation
period of )«2 observed in the energy is in agreement with the period ) of m*smH provided
k@t DE is also periodic with period ) (and zero mean).

Figure 4 plots time series of the production and dissipation, and shows that they are in
phase, but that there are stages within the )2 cycle when production is dominant and stages
when the dissipation is dominant. This observation is in broad agreement with previous work
on transitional behaviour in the Stokes layer, which indicates a growth of ow disturbances
during the deceleration phase (which is, accordingly, a production-dominated phase) and

P1Co DiCo- (3.2)
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256 their decay during the acceleration phase (Ozdemir et al. 2014; Luo & Wu 2010). A closer

257 comparison between these observations and the transitional regime of Ozdemir et al. (2014)

258 is made in 84.4. The behaviour of the edge trajectory suggests the presence of an internal

259 self-sustained dynamics that balances the energy transfer among structures in the ow. To

260 further understand the dynamics along the edge, gure 5 plots snapshotssafrthie H-I

261 plane at times;G= 21¢11, &= 2125, &€= 2135, £= 2150, £= 21+58, andd>= 21+67,
262which cover a total time just over )s2.

263  Figures 5(a-d) (timeg @ G) show a well-de ned region in the H-1 plane that concentrates

264 most of the kinetic energy of the ow, which modi es its shape and migrates upwards over

265 time. This region is located around (and just above) the instantaneous location of a local

266 maximum in the absolute value of laminar shearj fg jm*smHj, and rises with it. We

267 label this location BY" (given that m*smH Y 0). In gure 5(d) the region of concentrated

268 kinetic energy reaches a height H 2 and begins to spread out. Aftey @ re@ region

269 of concentrated energy is formed near the wall, seen in gures 5(e,f) (tigresd(s), and

270 the process repeats, although this new region aligns with the location of maximal positive

271 laminar shear, labelledj¥. Figure 5(g) plots the vertical distribution of the G{I averaged

272 energy h4i_jover an extended period of time, demonstrating that this basic )+2 cycle

273 repeats inde nitely, with ow structures periodically forming a little above the plate, rising,
27and dissipating around H ® 3.

275 The location of the ow structures in the spanwise direction varies sporadically in time,
276 as can be seen in gure 5(h), which shows the spanwise distribution of the G{H averaged
277 energy h4i_yThe time window studied in gures 5(a-f) contains ow structures located in
278 aregion around the centre of the spanwise domain, while the time window between C = 23
279 and C = 26 contains the same structures located around the (periodic) spanwise boundaries.
280 This “jumping' of the structure by an amount<2 is characteristic of a spatially localised
281 structure which nevertheless feels the in uence of its periodically located neighbours, owing
282 to the domain size | being too small for the structure to evolve entirely freely, but large
283 enough for it to appear essentially isolated for extended periods (Khapko et al. 2016). These
284 jumps are associated with elevated energy during a single half-period )2 in gure 3,
285 as there are essentially two structures side by side, and are distributed randomly in time. If
286 the domain size | were large enough, then the jumps would presumably cease since the
287 structure can evolve entirely independently, although this may instead induce a spanwise
288 drift (Khapko et al. 2013). Nevertheless, we shall treat the structure as an essentially isolated
289 object in the following analysis, as this is a reasonable approximation for much of the ow
290evolution between jumps.

291 To provide a more detailed characterisation of the three-dimensional nature of these
292 structures, gures 6(a-d) plot isosurfaces of high-speed streaksd D= 0*5maxfDg) and

293 low-speed streaks (= = 0-5minfDg) at times,@ . The G-averaged energy &4

294 shown on the plane | = 0, and the height of maximal energydkinaicg) is plotted on the

295 planes G = 0 and | = |l. The instantaneous laminar ow pro le is shown on the planes
2096 | = 0and | =", (shifted to be centred at G =z42) for reference. These gures show

297 that the streamwise structures are streak-like, and instantaneously (at least visually) carry the
298 majority of the energy of the perturbed ow, as in the self-sustaining process (Hall & Smith
299 1991; Wale e 1997). Indeed, the streamwise velocity is O11° within these streaks whilst
300 typical cross-stream velocities are O®18 Within a single half-period )2 (times;@o G),

301 a single streak with D Y 0 dominates the perturbation energy. In the following half-period
302 (@) the streak is replaced by one of the opposite sign (D j 0) and the dynamics of the new
303 streak are essentially the same as the rst. This goes some way to explaining the apparent)+2
304 period within the energy budget; the ow itself has a period of ), but the re ection symmetry
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